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Abstract 

We study the exponential functional drjg of two one-dimensional indepen¬ 

dent Levy processes ^ and ry, where ry is a subordinator. In particular, we derive an 
integro-differential equation for the density of the exponential functional whenever it 
exists. Further, we consider the mapping for a fixed Levy process which maps 
the law of ?yi to the law of the corresponding exponential functional drjg, and 

study the behaviour of the range of ‘hg for varying characteristics of Moreover, we 
derive conditions for selfdecomposable distributions and generalized Gamma convolu¬ 
tions to be in the range. On the way we also obtain new characterizations of these 
classes of distributions. 
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1 Introduction 

Given two independent Levy processes {^t)t>o, {.Vt)t>o the corresponding exponential func¬ 
tional is defined as 

V := [ e~^^-dr]t, (1-1) 

J(0,oo) 

provided that the integral converges a.s. Necessary and sufficient conditions for this conver¬ 
gence in terms of the Levy characteristics of (^t)t>o and {r]t)t>o have been given in [T2] . 
Exponential functionals of Levy processes describe the stationary distributions of generalized 
Ornstein-Uhlenbeck (GOU) processes. More detailed, if tends to -|-cxo as f —)■ cxo almost 
surely, then the law of V dehned in fll.ll) is the unique stationary distribution of the GOU 
process 

Vt = + 14 )^, f > 0, (1.2) 
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where Vq is a starting random variable, independent of {^,1]), on the same probability space 
(cf. [m Thm. 2.1]). 

Due to their importance in applications and their complexity, exponential functionals have 
gained a lot of attention from various researchers over the last 25 years. See e.g. the survey 
[H] or the more recent research papers [ 22 ] for results on exponential functionals of the 
form V = 6 “^®“ ds. Exponential functionals where p is a Brownian motion plus drift have 

been treated for example in [16] . The case of general Levy processes ^ and rj has been studied 
e.g. in our previous papers [5] and | 6 ]. Nevertheless, for several of the more concrete results 
in [ 6 ], the setting was narrowed down to the case where ^ is a Brownian motion plus drift 
and 7] a subordinator. 

Still, in general the distribution of exponential functionals is unknown. E.g. Dufresne (cf [HI 
Equation (16)]) showed that V = where Gk is a Gamma(/c, 1) random variable, 

whenever ^ is a Brownian motion with variance cr^ and drift a > 0, and rj is deterministic. 
Here and in the following = denotes equality in distribution. A few more concrete distri¬ 
butions of specihc exponential functionals have been obtained in [13]. Further it has been 
investigated whether exponential functionals belong to certain classes of distributions. So, 
as shown in [S], E is selfdecomposable whenever ^ is spectrally negative, i.e. has no posi¬ 
tive jumps. In [7] conditions are derived under which the exponential functional fll.ip is a 
generalized gamma convolution, where one of the processes is a compound Poisson process. 

In this article we focus on the case of exponential functionals as in fll.ip when is a general 
Levy process such that limt^oo it = oo and 77 is a subordinator, independent of i- By [ 6 l 
Cor. 1] this means that E > 0 a.s. and we have the following relationship between the 
characteristic triplet ( 7 ^, cr|, of i and the Laplace exponents -0?? and of rji and the 
distribution /i of V, resp., 

2 2 

i’vM =bi - ( 1 - 3 ) 

+ / - 1 - t.V';('“)!/ll|,|<i) > 0- 

Starting from this, we will consider several aspects of exponential functionals. In particular, 
in Section [21 we derive an integro-differential equation for the density of the exponential 
functional (given its existence) which extends a previous result from [TT] where rj was as¬ 
sumed to be deterministic. 

Since selfdecomposable distributions and generalized Gamma convolutions play an impor¬ 
tant role in the remainder of the paper, we review them and their connection to exponential 
functionals in Section [3l which also includes some new results on these classes of distribu¬ 
tions. Further, Section [D is concerned with the behaviour of the class of distributions of 
exponential functionals for varying characteristics of i- In Sections [5] and [ 6 ] we derive general 
conditions for selfdecomposable distributions to be given by an exponential functional with 
predetermined process i and also apply these on generalized Gamma convolutions. Finally, 
Section [7] contains the proof of Proposition 13.71 
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Notation 


We write /x = C{X) if /i is the distribution of the random variable X. The set of all probability 
distributions on M (M+) is denoted by V iV^). 

For a real-valued Levy process (^t)t>o, the characteristic exponent is given by its Levy- 
Khintchine formula (e.g. [23l Thm. 8.1]) 

log := logE (1.4) 

= i'j^u — — 1 — iuxl\x\<i)T^^{dx), u G M, 

2 Jr 

where ( 7 ^, cr|, z/^) is the characteristic triplet oi the Levy process We refer to [23] for further 
information on Levy processes. 

In the special case of a subordinator {rit)t>o, he. of a nondecreasing Levy process, we will 
also use its Laplace transform which we denote as L,j(u) := l^niiu) = 

M > 0, where the Laplace exponent is a Bernstein function (BF), i.e. 

'ipniu) = + / (1 — e““*)z/,j((if), u > 0, (1.5) 

J (0,oo) 

with a > 0 called the drift of rj and a Levy measure Vrj. A thorough introduction to BFs can 
be found in the monograph izg. Remark that general BFs as dehned in iza may have an 
additional constant term, while in this article we restrict on BFs which are Laplace exponents 
of a probability measure, that is which are zero in zero and hence are of the form fll.51) . 
Similarly, the Laplace transform of a random variable X on R+ with p, = C{X) is written as 
Lx{u) = L^(m) = E[e““^] = Please notice, that this notation of Laplace 

exponents is different from the previous papers mm but coincides with the notation used 
in [25] . 

As in mm, given a one-dimensional Levy process drifting to -|-cxo, we will consider 

the mapping 


e dris ) , 


: Dl ^ P+, 

dehned on 

L>+ := {£(pi) : rj = (pj t>o one-dimensional subordinator independent of ^ 

poo 

such that / dps converges a.s.}, 

Jo 

and we denote the range of by 


R+ := $+(P+). 
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2 On the density of the exponential functional 


As already observed in previous articles, it follows directly from [H Thm. 1.3] that the expo¬ 
nential functional V has a pure-type law, i.e. its distribution is either absolutely continuous, 
continuous singular or a Dirac measure, where the latter can only be obtained if both pro¬ 
cesses, ^ and 7], are deterministic (c.f. [5l Prop. 6.1]). 

Absolute continuity of exponential functionals has been studied in detail in [ 8 ]. For the set¬ 
ting of this paper, [51 Thm 3.9] shows in particular, that the exponential functional V as in 
fll.ip is absolutely continuous, whenever the subordinator rj has a strictly positive drift. Fur¬ 
ther, in [iHl Cor. 2.5], it is shown that the exponential functional V as in fll.lll is absolutely 
continuous with continuous density if cxg > 0 . 

Nevertheless, if rj and ^ both are compound Poisson processes, examples can be constructed 
in which V is not absolutely continuous (see [18] and Remark 12.21 below!. 

The following theorem provides an integro-differential equation fulfilled by the density of V 
whenever it exists. Notice that for the special case of a deterministic process rjt = t this 
result has been obtained in m using a different technique. In particular, case (ii) below is 
a special case of the results in m or similarly of m Thm. 2.3] and is just kept here for 
completeness. 

Theorem 2.1. Assume that ^ is a Levy process such that limt^oo^ = oo and 

with characteristic triplet ( 7 ^,ct|,z/^) such that < oo and set 70 := 7 ^ — 

Let t] = {T]t)t>o be a subordinator with drift and jump measure inde¬ 
pendent of f and such that at least one of the processes f and p is non-deterministic. 

(i) If = 0, 7o > 0 and r'^((0,oo)) = 0, then a density fit), t > 0, of ja = <F^(£(7i)) 
exists, which is continuous on M+ \ {^}, and fulfills 

fit) = 0 , t<^, ( 2 . 1 ) 

7o 

/»^ 

(a^- 7 ot)/(t) = - (u^ii-oo,\og^))Urjiit - s, 00 ))) f{s)ds, t>^. 

JsiiL \ t ^ 7o 

TO 

(a) If = 0, 7 o > 0, z/^((0,cx))) > 0, z/g((—oo,0)) = 0 and = 0, then a density fit), 
t>i), of pi = <F^(£( 7 i)) exists, which is continuous on M+ \ and fulfills 

fit) = 0, f>^, (2.2) 

7o 

a-q 

iarj-pot)fit) = f ° iy^ii\og^,oo))fis)ds, t<—. 

Jt t 7 o 

(Hi) Otherwise, assume that pi = $^(£( 71 )) is absolutely continuous (with differentiable 
density fit), t > 0, such that limi_j.o t^/(t) = 0 if > t)), then f fulfills X-a.e. (with A 
the Lebesgue measure) 

- (70 + tfit) - Y^V'(^) (2.3) 
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i^«((log oo))f{s)ds - j (^z/^((-cx), log y)) + - s, oc))^ f(s)ds, t > 0. 


Conversely, if fit), t > 0, is a probability density which fulfills fl 2 .ip . 02 . 21 ) or 02 .3^ X-a.e. 
for some Levy characteristics 70 , ct|, z/^, a,, and then it is a density of the corresponding 
exponential functional 01 .ip . 


Proof. Starting from 01.3p . multiplying on both sides with L^(m) = e 'i’CC and dividing once 
by u we obtain for m > 0 




u 


2 2 / 
= - (70 - y)^(M) + + [ ( 

v/ M. \ 


"Lfiue y) L^(m) 


u 


u 


v^{dy). (2.4) 


Now assume that /i has a density, such that L^(m) = /o°° e '^^f{t)dt. Denote the inverse 

Laplace transform by —then obviously we have L^(m) —> f{t) A-a.e. while (assuming 
limt^o^^/(^) = 0 and that / is differentiable) A-a.e. we get 


K^n) n -tf{t), 

uU'^fa) ^ = ‘^tf{t)+Cf'{t), 


l.fiue y) 1L^(m)'^ , . L-i 

^pdy) 


u u 

where the last line follows from 
'l.fiue~y) hfiu) 


'^«((log-,oo))/(s)ds - / 00 , log-))f{s)ds, 


u 


u 


Z/; 


'ddy) 


—ut 


f*tey 


f{s)ds - / f{s)ds dt v^{dy) 


.^—ut 


f{s) / i^^idy) ]ds]dt 


—ut 


fis) 


flog^ 


v^{dy) j ds j dt. 


Mogf 


Further for the left hand side of 02.4p with = OrjU + /(ooo)(^ ~ ^ we will use 

that 


/(o,oc)(l-e ">v{dt) 


u 



e “®r'^((s, cxD))(isL^(u) 




s,oo))f{s)ds 


which is due to the fact that convolutions become multiplications under the Laplace trans¬ 
form. Now, putting all terms together we easily derive 02.3p . 

Observe that in the setting of case (i), it follows from [HI Lemma 1 and Thm. 1] that the 
measure fi has support [^,cxd). Further recall that in this case is a spectrally negative 
process ^ and hence /i is selfdecomposable and has a continuous density on (^, cxo) (cf. [2H1 
Thm. V.2.16]). 

By [HI Lemma 1 and Thm. 1] in the setting of case (ii) p, has support [0, and otherwise p 
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has full support on [0, oo). Hence we derive the corresponding formulas from fl2.3p . Existence 
of a density in case (ii) follows from [HI Thm. 3.9], continuity has been proven in [TT] , 

For the converse assume that / is a density which fulhlls fl2.3p . then reverting the above we 
see that its Laplace transform fulhlls fll.3p which yields the claim by [6l Thm. 3]. □ 


Remark 2.2. In [TH] the exponential functional V as in fll.ip has been studied in the case 
where {rit)t>o is a Poisson process with jump intensity u > 0, and = (log c)iVt for c > 1 
and another (independent) Poisson process {Nt)t>o with jump intensity u > 0. 

From Theorem 12.11 above, we observe that in this setting, if a density of V exists, then it 
fulhlls A-a.e. 

/*£ ret 


V / f{s)ds = u f{s)ds, t > 0 

J{t-l)V0 Jt 

or in terms of the cumulative distribution function F{t) = f{s)ds and the parameter 

9 = *e(0.i) 


F(t) = {1 — q)F{ct) + qF(t — 1), t > 0, where F(t) = 0, t<0. (2.5) 


Actually, fl2.5p can be shown to hold even if /i = CiV) is not absolutely continuous, by a 
similar proof as for Theorem 12.11 Further, from fl2.5p we deduce the self-similarity relation 

/i = (1 - g) /i o + g/i o Tf ^ 

for /i with weights {1 — g, g} and 


To : X —, Ti : X X -f 1. 

c 

Remark that Ti is not a contraction and hence qt is not a self-similar measure in the classical 
and well-studied sense of na. 

Nevertheless, in [18], the authors proved that qt shares some properties with self-similar 
measures. In particular, /i is continuous singular if c is a Pisot-Vijayaraghavan number, but 
for Lebesgue a.a. c > 1 there exists g < 1 such that qi is absolutely continuous for all 
g e (g, 1). 

From the theorem above, we can derive characterizations of densities of selfdecomposable 
distributions on R_|_ as well as of generalized Gamma convolutions. This will be done in 
Corollaries 13.41 and 13.61 below. For the moment, we end this section with an example of 
application for Theorem 12.11 

Example 2.3. Let L = (Lt)t>o be a Levy process with characteristic triplet (y^, vl) and 
set 

S,:=|L,L]f= ^(AL.y i>0. 

0<s<£ 

Then the COGARCH volatility process with parameters fd,ri,^p > 0 driven by L or S' is 
dehned as 

Vt = ( ho + /d / ds \ , t > 0, 
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where Vq is a nonnegative random variable, independent of (Lf)f>o, and 

= ^ log(l + (fASs), t > 0. 

0<s<f 

As originally shown in [TSl Thm. 3.1], the process dehned in fl2.3p has a strictly stationary 
distribution if and only if 

/ log(l + (py) vs{dy) = / log(l + ipy"^) VL{,dy) < y 

J M-|_ J M 

and in this case, the stationary distribution is given by the distribution of the exponential 
functional 

V = (3 f ds. 

J ]R._j_ 

Since ^ is spectrally negative by construction, we can apply Theorem Mi) (or [IB Prop. 
2.1]) to obtain that V has a density f(t), t > 0, with f(t) = 0 for t < ^, while / is continuous 
on (^, cxo) fulhlling 


W -Vt)f{t) + f{s)ds = 0, (2-6) 

Now, if for example {St)t>o is chosen to be a Poisson process with intensity c > 0, we 
obtain from fl2.6p the following difference-differential equation for the cumulative distribution 
function F{t) of V 

c y 7] 

with F{t) = 0 for t < ^. Similarly, for the common choice of L having standard normally 
distributed jumps, one derives the recursive formula 

where 0 is the cumulative distribution function of the normal distribution. 


3 (Semi-)Selfdecomposability and Generalized Gamma 
Convolutions 

We will use the following notations for the classes of inhnitely divisible distributions: 

ID, ID’*' inhnitely divisible distributions on M, M_|_ (respectively) 

IDiog,ID]|]g inhnitely divisible distributions on M, M_|_ with hnite log-moment 
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Further the following classes of distributions will be introduced in the next subsections: 


L,L+ 

L(c),L(c)+ 

BO 

T 


selfdecomposable distributions on M, M_|_ 

c-decomposable/ semi-selfdecomposable distributions on R, R+ 
Goldie-Steutel-Bondesson class, Bondesson’s class (on R+) 
Thorin’s class, generalized gamma convolutions (on R_|_) 


3.1 Selfdecomposability 

A random variable X (or equivalently a probability measure p) is called selfdecomposable, if 
for all c G (0,1), there exists a random variable Yc, independent of X, such that 

X = cX' + Fe, (3.1) 

where X' is an independent copy of X. In this case we write /i = C.{X) G L. Obviously, for 
distributions on the positive real line, fl3.1|) is equivalent to 

L^(u) = L^(cu)L^^(m), m>0,cG(0,1), 

or 

- V’/.(cu) =m>0,cG(0,1), (3.2) 

where pc = ^(Xc)- In particular it is known (cf. [23 Prop. 5.17]), that every /i G L+ has a 
Laplace exponent of the form 

= au + f (1 — e~X~^d,t, u > 0, (3.3) 

Jo t 

with a > 0 called the drift of p and k : [0, cxo) —)■ [0, oo) non-increasing. 


The following proposition collects characterizations of selfdecomposable distributions in 
which we intend to use in this paper. Most of them are well known. We couldn’t hnd char¬ 
acterization (iv) in this form in the literature, so we give a short instructive proof. Alterna¬ 
tively (iv) is easily seen to be equivalent to the characterization of selfdecomposability in [261 
Thm. V.2.9]. Further characterizations of selfdecomposable distributions can also be found 
in [H [23126] and for a.s. positive random variables in the recent article [20] as well as in 
Corollary 13.41 below. 

Proposition 3.1. Let fi G he a probability measure with Laplace exponent u > 0. 

Then the following statements are equivalent. 

(i) II G L+. 

(ii) ~ ® Bernstein function for all c G (0,1). 

(hi) ~ ~ V’At('w) is a BF for all c> 1. 
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(iv) u ■ is a BF. 

(v) /i = '^^(/(Ooo) e~^dXt) for some subordinator {Xt)t>o with E[log’''(Xi)] < oo. 


Proof. Equivalence of (i) and (ii) is well known and follows immediately from the definition of 
selfdecomposability and the fact that fic as in fl3.ip is inhnitely divisible (see e.g. |2Sl Prop. 
15.5]). Further by [221 Cor. 3.8(iii)] (ii) implies that also 
c G (0,1) is a BF, i.e. (hi). The converse can be seen similarly. 

We continue proving that (ii) implies (iv). Assume (ii), then for all c G (0,1) 

- ii^{u - (1 - c)u) 

(1-c) 


is a BF in u. Thus 




lim ~ ~ ~ 

C^l (1 — c) 


is a BF, too ([25l Cor. 3.8(ii)]), which shows (iv). 

Now assume (iv) and set 

Vi.v(ti) := !i > 0, 


(3.4) 


then fjx is a BF with 'tpxif^) = 0 and hence there exists a subordinator (Xjt>o with Laplace 
exponent ipx- Now by [6l Thm. 5.1 (ii)] (setting cr = 0) this implies that 


jj, = C 



(3.5) 


Since /i exists by assumption and therefore the integral has to converge, we obtain E[log^(Xi)] < 
cx) and hence (v). 

Finally, e~^dXt is well known and easily seen to be selfdecomposable (see e.g. [S]) which 
concludes the proof. □ 


Remark 3.2. As already observed in [B], Equation fl3.4p implies in particular, that p and 
C.{X) have the same drift and that the Levy density of jj. and the Levy measure of X are 
related by 

k{t) = ux{{t,oo)) (3.6) 


(see also [21 Eq. 4.17]). 


Definition 3.3. Differences of BFs as in (ii) and (iii) of the above proposition will appear 
frequently in the remaining sections of this article. Hence in the following, we refer to the 
distributions with Laplace exponent (c G (0,1)) or (c > 1) as c-factor distributions 
of the distribution /i G L. Recall that these are always in ID and that they are uniquely 
determined since /i G ID. 

In terms of random variables we refer to W as the c-factor (c G (0,1)) of X if X = cX' + Yc 
and we say that Y^. is the c-factor (c > 1) for X, if cX = X' + Y^. 
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Further, from Theorem 12.11 above we obtain the following characterization of densities of dis¬ 
tributions in L+. The fact that densities of self decomposable distributions fulhll an equality 
like fl3.7p can also be found in [211 Thm. V.2.16]. Here we see that actually all solutions to 
fl3.7p correspond to distributions in L+. 

Corollary 3.4. Let fit) he a probability density with support [a, cxo), a > 0, which is con¬ 
tinuous on (a, cxd). Then f corresponds to a self decomposable distribution, if and only if f 
fulfills 

{a — t)f{t)-\- [ ^{{t — s,oo))f{s)ds = 0, t > a, (3.7) 

J a 

for some Levy measure v such that log^{x)h'{dx) < oo. 

Proof. Every distribution /r G L’*' which is non-degenerate is absolutely continuous and can 
be represented as /i = <F^(£(Li)) for = t and some subordinator L with E[log’''(Li)] < oo. 
Further supp (p) = [a, oo), a > 0, implies by [H Thm. l(ii)] that L has drift a. Hence by 
Theorem I2.1f ii the density of pL fulhlls fl3.7p . 

Conversely, if f(t) is a density with support [a, oo), a > 0, which is continuous on (a, oo) 
and which fulhlls fl3.7p . then by Theorem 12.11 it is the density of the exponential functional 
f(o oo) ^~^dLt for some subordinator L with Levy measure v and drift a > 0. Thus we conclude 
that /i G L+. □ 


3.2 Semi-selfdecomposability 


We say a random variable X (or its probability measure p) is c-decomposable, c G (0,1), 
or semi-selfdecomposable if fl3.ip holds for a c G (0,1) and a random variable W such that 
C(Yc) G ID. We write L(c),L+(c) for the class of c-decomposable distributions on M and 
M+, respectively. As in the case of selfdecomposable distributions, we refer to the random 
variable W in fl3.ip as the c-factor of X. 

By [231 Prop. 15.5] it holds L(c) C ID. 


For probability distributions on M+ one can characterize c-decomposability in terms of the 
Laplace exponents. In particular, p G L+(c) if and only if 'ip^^{u) = 'f^ipi) u > 0, is 

a BF. The fact that BFs build a convex cone then implies directly L’''(c) C Lfn for all n G M. 
More detailed 

n—1 

V’/.,n(M) = (3.8) 

i=0 

is the Laplace exponent of the c"'-factor of p E L’''(c). Using this one further obtains for any 
p G L+(c) 

n—1 


fj^iyU) = lim -0 




\u) = 


lim V 

n—^ciC) f ^ 


’Pu) 


i=0 


such that 

OO 

L^(c) = {/i G , s.t. = ^/(c*n) for some BF /}. 

i=0 
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3.3 Generalized Gamma Gonvolutions 


The class of generalized Gamma convolutions T is a subclass of the selfdecomposable distri¬ 
butions in . In particular, every /i G T, has a Laplace exponent of the form 

= au + f (1 — m > 0, (3.9) 

J{0,oo) i 

for some a > 0 and a completely monotone (CM) function k : (0, oo) —)■ [0, cxd). 

The class of probability distributions whose Laplace transform is of the form fl3.9p for some 
a > 0 with ^ CM is called Goldie-Steutel-Bondesson class or simply Bondesson’s class 
(BO). Its Laplace exponents are referred to as complete Bernstein functions (CBF) and they 
can always be represented as 

ipn{u)=au+ / - dp(x), u>0, (3.10) 

i(0,oo) u + x 

with a > 0 and a so-called Stieltjes measure p, that is a measure p on (0, cxo) for which 
f( 0 oo)(^ -f x)~^p{dx) < oo. For further details and an overview of the existing literature we 
refer to [IH] and [ 25 ] . 

Recall that BO is the smallest class of distributions which contains all mixtures of exponential 
distributions and is closed under convolutions and weak limits, while T is the smallest class 
that contains all gamma distributions and is closed under convolutions and weak limits. Also 
recall that T C BO C ID+ and T C L+ C ID+, but L+ ^ BO and BO ^ L+. 

Generalized Gamma convolutions and distributions in BO are connected via exponential 
functionals as shown in the following proposition, which has originally been proven in [31 
Thm. C(iii)]. Nevertheless, we can now give a completely different and shorter proof as we 
shall do. 

Proposition 3.5. Let = t. Then 

d)g(BOnlDiog) = T 

In particular, the distributions in BO 0 IDiog with finite Stieltjes measure are mapped surjec¬ 
tively on the generalized Gamma convolutions with fc(O-t-) < oo. 


Proof. Assume p G T C L'*", then there exists a Levy process X with C{Xi) G IL)(((g such 
that <F^(Xi) = /i, i.e. X and p are related via fl3.4p or fl3.5p . Hence from 03.41) and 03.9|) 


V’x(m) 


au -\- u 



e ^*k{t)dt 


au -\- u 




e ^^dp{x)dt 


for some unique measure p with p({0}) = lim^^oo k{t) = 0. Using Tonelli we can proceed 


fixiu) = O.U-\- / u e ^^dt dp(x) = au-\- / - dpix). 

7 ( 0 , 00 ) 7 ( 0 , 00 ) Ji0,oo)U + X 

Hence ipxiu) is a GBF (see e.g. [251 Remark 6.4]) such that C{Xi) G BO by [251 9-1]. 

Gonversely, assume that X is a Levy process such that C{Xi) G BOfllDiog. Then <F^(£(Xi)) 
exists and the same computation backwards proves that <h 5 (£(Xi)) G T. 

The remaining assertion follows directly from an inspection of the above proof. □ 
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From this, we obtain an analogue result to Corollary 13.41 characterizing the densities of 
distributions in T. 

Corollary 3.6. Let f(t) be a probability density with support [a, cx)), a>0, which is con¬ 
tinuous on (a, cx)). Then f is the density of a generalized gamma convolution, if and only if 
f fulfills 


pt poo 

(a — t)/(t) + / f{s) / m{x)dxds = 0, t > a, 

Ja Jt—s 

for some m{x) : (0, oo) —)■ [0, oo) which is CM and such that log'^(x)m(x)dx < oo. 

Proof. The statement follows similarly to Corollary 13.41 with the help of Proposition 13.51 □ 

As mentioned, the c-factors of selfdecomposable distributions play an important role for our 
studies. In the following proposition, which is of interest by its own, we will see, that the 
GGCs are exactly those distributions in L+ whose c-factors are all in Bondesson’s class. Its 
proof is postponed to the closing section of this article. 

Proposition 3.7. Let /i G T, then p,c G BO for all c> 0, c ^ 1. Conversely, z//i G L+ with 
either pt,c G BO for all c G (0, 1), or pic G BO for all c > 1, then /i G T. 

Summarizing, we can state the characterizations of the class T similarly to that of L'*' in 
Proposition 13.11 

Corollary 3.8. Let p, E be a probability measure with Laplace exponent m > 0. 

Then the following statements are eguivalent. 

(i) /i G T. 

(ii) is a CBF for all c G (0,1). 

(hi) = 'ipfj,{cu) — is a CBF for all c> 1. 

(iv) u ■ is a CBF. 

(v) p = F(ff'Q e~^dXt) for some subordinator {Xt)t>o with E[log'''(Xi)] < oo and C{Xi) G 
BO. 

4 Nested ranges 

In this section, we will consider what happens with the range when we modify the 

characteristics of f. This result has a counterpart in the case when is a Brownian motion 
(see [SI Thm. 5]), although here for some statements we have to restrict on L O R^. That 
this restriction is truly necessary will subsequently be shown in Proposition 14.21 
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Theorem 4.1. Let {^t)t>o be a Levy process with characteristic triplet and write 

i?+(7,a2,z/) := i?+. 

Then if ^ 0 

^^( 7 , 1, 

Further for 7' > 7 zt holds 

L n i?+(7, c^^ I/) C L n /2+(7', z/), ( 4 . 1 ) 

w/zz/e assuming that z/((0, 00 )) = 0 and \^W{dx) < 00 we obtain 

^ ^^(7', Az/) ( 4 . 2 ) 

/or all X G ( 0 , 1 ] and 7' such that 7' — 7 > —(1 — A) a;z/((ia;). 


Proof. By the Levy-Ito-decomposition we have ft = (^Bt + fti where a = y/^ and {Bt)t>o 
is a standard Brownian motion and independent of ft- Hence {aBt)t>o = {BaH)t>o and thns 

{aBt + it)t>o = {Ba^t + iaH)t>o where / has characteristic triplet 0 , 

This implies that for any snbordinator {pt)t>o, independent of f and with C{pi) G 

f e~^^dpt = [ dpt = [ = f e~^^^^^*-^dpt/cF'^- 

J (0,oo) J (0,oo) J (0,oo) J (0,oo) 

Thns £( 71 / 0 - 2 ) G and $^(£( 71 )) = 4 ’^^|(£( 7 i/o- 2 )) from which we conclnde the hrst 

assertion. 

Now assnme /i G R'^i'y, cr'^, v) H L, then by | 6 l Thm. 3] 
fi{u) =(7 - '^)uip'^{u) + yZZ^ ((i/,^(m ))2 _ 

+ f - 1 - ^(dy), u>0, 

«/ M 

is the Laplace exponent of some snbordinator, i.e. a BF. Observe that for 7 ' > 7 

/y(zz) =/-i(n) + (7' - 'y)mlj’^{u). 

Since the set of BFs is a convex cone (cf. [251 Cor. 3.8(i)]) and since by assnmption /i G L+ 
snch that is a BF, fY{u) is again a BF. Hence fi G cr^, z/) by [HI Thm. 3]. 

Finally, assnme /z G R'^, u) where zz((0, cxo)) = 0 and /[_i g^ Ixlo^dx) < 00 and set for 
A G (0,1] 

9x{u) =(7a - - z/>"(zz)) 
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where 7 a := 7 — A xiy(dx), then gi(u) is a BF by assumption. For any A < 1 we observe 
that for M > 0 

5 'a(m) = 5 'i(m) + (1 — A) f xh'{dx)u'ip'Ju) + {1 — X) f ("l — z/((ij/). 

Since ^ is spectrally negative, p is selfdecomposable and thus ^lJf^{ue~y) — is a BF for 

any negative y by Proposition 13. II (it is the Laplace exponent of the e“^-factor of p). Hence 
g<Pi^{u)-ip^{ue-y) jg Q]y|- write 





e yie-y{dt). 


Thus for M > 0 

gxiu) =gi{u) + {1 - X) xiy{dx)w/j'^{u) + {I - X) / iJ,e-y{dt)iy{dy) (l - . 

A[-1,0) JR- J(0,oo) 

Since utlj'^iu) is a BF by Proposition 13.11 and since all appearing integrals exist, we conclude 
that g\{u) + ( 7 ' — 7 )n' 0 (j(-u) is again a BF. Hence fi G cr^, An) which proves fl4.2p . □ 

Proposition 4.2. Let (^t)t>o be a subordinator with drift a > 0 and jump measure v and 
set i?+(a, n) := . Then for a' > a we have 

L n n) C L n R'^{aj n). 


hut 

R'^{a, v) \ R'^{aj v) 7 ^ 0 . 

Proof. The hrst statement has been shown in Theorem 14.11 

Let fi := $^(a)((5i) be the law of dt, then fi G R'^{a, v) with supp fi = [0, A] in case 

of a non-deterministic f and supp /i = {A} if ^ is deterministic (cf. | 6 l Lemma 2.1]). 

On the other hand by [HI Lemma 2.1 and Thm. 2.2] all distributions in R'^{aj n) have support 
[0,oo), [0,^] non-deterministic) or {T} (^ deterministic). Hence fi ^ R'^^ajo). □ 

In case of varying jump heights, nested ranges cannot be expected. To illustrate this, we 
consider the case of Poisson processes with varying jump height in which we can fully describe 
the range as we shall do in the following proposition, which also improves the previous result 
[5l Prop. 6.3]. 

Proposition 4.3. Assume that ft = cNt for a Poisson process N = {Nt)t>o with intensity 
X and some c > 0. Then 

R^ = {/i G Le-c with compound exponentially distributed e~^-factor} (4.3) 

= i/i G P'*', s.t. fiJu) = lim log [ nfc=o(/(^ - '^) + ■^) I some BF /}. 

n->-oo \ A” / 
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(4.4) 


Proof. In the present case fll.3l) reduces to 


- A, u>0. 


Set c = e then this is equivalent to 

= log ^ 


i.e. is the Laplace exponent of a compound exponential distribution - the distribution 

of rjT for some exponential random variable T, independent of - and hence it is the Laplace 
exponent of an inhnitely divisible distribution (cf. [26l Chapter 3, Thm. 3.6]), i.e. a BF. This 
proves the hrst equation in fl4.3p . 

By iterating and taking limits we further obtain 


n—1 


= lim = lim log 

n.—^no < ^ 


k=0 


'4)r^{c^u) + A 

A 


A*" 


= lim log 

n^oo 


which proves the second equality in fl4.3p . □ 

Remarks 4.4. (i) Although for n G M we have L+(e“‘^) C L’''(e“"''^), the ranges 

for = ncNt with {Nt)t^n being a Poisson process are in general not nested. In 
fact, assume that fi G C L+(e“'^) C L+(e“"'^) is given. Then it can be seen 

from 03.81) that the e“"''^-factor of /i has the same distribution as an independent sum 
of (scaled) compound exponentially distributed random variables. Such sums are in 
general not compound exponentially distributed. A counterexample can be constructed 
using the Gamma(/c, 9) distribution with Laplace transform L(m) = (g^)^, which is a 
compound exponential distribution if and only if < 1 (cf. Chapter III, Ex. 5.4]). 
The convolution of a Gamma(/c, 6) distribution and a scaled Gamma(fc, 6) distribution 
with Laplace transform L(e“‘^M) = (g^ijr^)^ is no compound exponential distribution. 
This can be seen by applying m Ghapter III, Thm. 5.1] and using simple algebra to 
observe that ■^(L{u)L,{e~^u))~^ is not GM. 


(ii) Since BFs grow at most linearly (cf. [23 Gor. 3.8 (viii)]), the above proposition implies 
that in the given setting = o{u°‘) for any a > 0. Hence has zero drift and 

also no polynomial part (in particular /i can not be stable). 


5 Selfdecomposable distributions in the range 

In this section, we derive a general criterion for a probability distribution to be in for a 
spectrally negative Levy process f. Recall that in this case C L’*'. 

Theorem 5.1. Let fi G L+. Assume that ^ = {^t)t>o is a Levy process with characteristic 
triplet (7^, cr|, z/^) such that z/g((0, 00)) = 0, \x\i'^{dx) < 00 and hmi_,,oo6 = oo- 

Set 7o := 7 ^ - Li, Q^xv^i^dx) > 0, let vx he the Levy measure of the Levy process X which 
is related to fi via 03.51) and let fic, c > 1, be the c-factor distribution of fi as defined in 
Definition 1 ,9. ,91 
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(5.1) 


(i) If a'^ = 0 , then fi G if and only if 

Gi : ( 0 , oo) —)■ [ 0 , oo) 

t H- 7oz/x((0,t)) - / /ie—((0,t))z/^(rfx) 

is non-decreasing. In this case fi = e~^*-d7]t), where r] is a suhordinator, inde¬ 

pendent of with Levy measure Vr^idt) = dG{t) and drift = 70a > 0 where a > 0 
denotes the drift of fi. 

(a) //cr| > 0 , assume that z/g(M_) < 00 and z/x(ffi+) < C)0. Then fi G if and only if fi 
has zero drift and ux has a density g(t),t > 0, such that 


and such that 


lim tg(t) = \imtg(t) = 0 , 

t—^OO t—>-0 


(5.2) 


G2 ■ ( 0 , 00) —)■ [ 0 , 00) 


( 5 . 3 ) 




a: 


2 rt 


^(70 + c>-px(R+)) / 9 {u)du^tg{t) - — / {g*g){u)d 


u 


fie-v{{QR))v^{dy) 


is non-decreasing. In this case fi = £(f^ e ^^-dpt), where g is a suhordinator, inde¬ 
pendent of with Levy measure n^j^dt) = dG{t) and zero drift. 


Proof. Observe that 70 > 0, since E[,^i] > 0 where 

= 7? + / xi>^{dx)=go+ / xiz^^dx) = go - / Ixlu^^dx). 

By [HI Thm. 3] a probability distribution fi G V~^ is in for the given ^ if and only if 
/('ll) — (^75 - ^ j u-ipgu) + (( 7 ,('“))^ - 7 '('“)) 

dehnes a BF. Since // G L+, the functions fjxiu) = and 

c > 1, are again BFs by Proposition 13.11 and 

0-2 r 

f{u) = gof’x{u) + {{iJx{u)y - ufj'xiu)) + / (exp(V’; 7 ^_^ (m)) - l) iy^{dy). 

^ JR_ 

As fic is the c-factor of fi we have e~^^fic{dt), and therefore 

2 

f{u) =go'fx{u) + ^ {{'ipxiu))^ - uii'xiu)) + [ (e““* - 1) / fie-v{dt)v^{dy). (5.4) 

J (0,oo) 
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Now assume that (t| = 0 and let a > 0 denote the drift of /i, then it follows via [ 6 l Lemma 
1 and Thm. 1] that X has drift a such that 

i/jxiu) = au+ f (l - uxidy), 

J (0,oo) 


and inserting this in fl5.4p we obtain 


/(n)= 7 oaM+ / ( 1 -e )Yloi^x{dt) 


'(0,oo) 


ye-y{dt)v^{dy)]. 


For / to be a BF it is now necessary and sufficient that dehned via 


v^{dt) := 'Jouxidt) - / y^-y{dt)v^{dy) 


is a Levy measure, which holds if and only if Gi is non-decreasing. 

In the case that ct| > 0 hrst observe that from [ 6 l Lemma 1 and Thm. 1] we know that 
suppyU = [0, cxo) which implies that /i has drift 0 and so does X. Further under the assumption 
that z/x(M_|_) < oo we obtain as in the proof of [HI Thm. 7] that 

{'il)x{u)f = [ (1 - e"“*)[2z/x(M+)z/x - (5.5) 

J ( 0 ,oo) 

Now suppose /i G then / is a BF, i.e. f{u) = hu + /(ooo)(^ “ and we obtain 

from fl5.4p 

2 

-^wjj'xiu) =-bu + [ (1 - - /” {1 - e~^^)p2{dt) 

^ J ( 0 ,oo) J ( 0 ,oo) 

where 


pi{dt) := (7o + (Jlvx{^+))vx{dt) + / Pe-v{dt)v^{dy) 

JR_ 

a? 

P2(dt) := ly(dt) -h * ^x{dt) 

Proceeding as in the proof of [ 6 l Thm. 7(i)] this shows 6 = 0 and that ux has the density 

2 

9{t) = ^{pi{t,oo) - p2{t,oo)), t>0. 

Since < oo and i/x(R+) < oo, similarly to the argumentation in [01 Thm. 7(i)], it 

follows that 05.21) holds and hnally that 

u{dt) = ( 7 o alux{^+))g{t)dt + -^d{tg{t)) - -^{g * g){t)dt - / pe-y{dt)u^{dy). 

J M— 


Thus, if /i G then v{dt) has to be a Levy measure, which proves that G 2 is non-decreasing. 
Conversely, if G 2 is non-decreasing, dehne a subordinator p with Levy measure v{dt) = dG{t) 
and zero drift, then reverting the above, it follows from [HI Thm. 3] that p G . □ 
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Example 5.2. Consider the COGARCH volatility process as introduced in Example 12.31 In 
this case the process ^ has no gaussian part, Levy measure = T{i>s) for fhe transformation 
T ■. s ^ — log(l + tps) and 70 = ?] > 0. 

Since the integrating process in the case of the COGARCH is deterministic 1 1 —)■ its Levy 
measure is zero and we conclude from Theorem 15.If ii above that the measure /r G L’*', which 
is the stationary distribution of the COGARCH volatility, has to have drift a = ^ and that 
it has to fulhll 

r]i/x{dt) = / iJ,e-^idt)iy^{dx) = / fJ-i+^sidt)us{ds), (5.6) 

J M J M_|_ 

where X is connected to fi via fl3.4p . 

Observe that it follows directly from this, that 

fc(0+) = z/x(M+) = 7"V5(M+), 

where k(t),t > 0, is the factor of the Levy density of /i as in fl3.3p . 

Assuming e.g. that {St)t>o is a Poisson process with intensity c > 0 , we further obtain from 
fl5.6p that 

TjUxidt) = c/ii+<^(df), 

where /xi+i^ has the Laplace exponent '0At((l + ^)u) — Hence in this case, with 03.31) 

and 03.41) one can deduce the following equation for the Levy density m{t) = k{t)/t, t > 0, 
of p, 

- [ e~'^Hdm{t) + - f e~^^m{t)dt = — exp (——ipu — f (1 — 

^ J ( 0 ,oo) ^ J ( 0 ,oo) \ V J ( 0 ,oo) 

Example 5.3. Assume fi is positive strictly stable with index a G (0,1), i.e. = cu°‘, 

for some c > 0 and let {^t)t>o be a Levy process without gaussian part and which fulhlls the 
assumptions of Theorem 15.11 Then p G if and only if 

2 r 

v{dt) = 70 ,^*^ - dt — / fle-x{dt)u^{dx) 

r(i tt) J ( 0 , 00 ) 

dehnes a Levy measure. In particular observe that h^is Laplace exponent — 1) 

and hence uyidt) := jUe-^(dt)iy^(dx) can be interpreted as the Levy measure of (Tt)i>o 

where T) = with S = (St)t>o a strictly a-stable subordinator with and ^ 

a pure-jump subordinator with Levy measure = T{u^) for the transformation T : x ^ 
c(e“"^ — 1) (see e.g. [23l Thm. 30.1]). 

6 GGCs in the range 

There exist several examples of exponential functionals whose distributions are generalized 
Gamma convolutions. Just recall Proposition 13.51 or the example mentioned in the introduc¬ 
tion, which states that h„ ^ dt has an inverse Gamma distribution which is a GGG, 

’ J( 0 ,oo) ’ 
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where {Bt)t>o is a Brownian motion and a,a > 0. Further explicit examples of exponential 
functionals whose distributions are generalized Gamma convolutions can also be found in [7] 
and [1]. 

As generalized Gamma convolutions are selfdecomposable, one can also directly transfer the 
results from the last section to obtain conditions on GGGs to be in the range for a given 
process Together with the results in Section [3] this then yields the following example. 

Example 6.1. Let fi E T have the Laplace exponent fl3.9p with a > 0 and fc(0+) < oo, 
fc'(0+) > —oo and k{t) ^ 0. Then by Gorollarv 13.81 the Levy measure vx^dt) of the Levy 
process X which is related to p via fl3.5p has a density > 0, which is GM, that is 

i^x((0,t)) = f^^^^^m(s)ds. 

Assume that ^ = (^t)t>o is a Levy process with characteristic triplet ( 7 ^, 0, ly^) such that 
i/g(( 0 , 00)) = 0 , l^Wddx) < 00, ^ 0 and limi^oo^ = oo- 

Set 7 o := 7 ^ — xiy^{dx) > 0 and let jj^c, c > 1, be the c-factor distribution of fi as defined 
in Dehnition 13.31 then by Theorem 15.11 we have p G R^ if and only if 

Gi : ( 0 , 00) ^ [ 0 , 00) 

^ t 7o / m{s)ds — / fie-=o{(0R))iy^(dx) 

J{o,t) Jr- 


is non-decreasing. 

By Proposition 13.71 the c-factor distributions of /i are in BO. Further, for c > 1, they have 
drift Qc '■= a{c — 1) and their GM Levy densities are given by 

gc{t) = = t~^iyx{{c~^t,t]) = t~^ f m{s)ds, t > 0, 

(compare the proof of Proposition 13.7p where the second equality follows from fl3.6p . Further, 
by I’Hospital’s rule (y'c(0+) < 00, since fc(O-l-) < 00 and |/c'(0-|-)| < 00 . Therefore the Levy 
densities Qc are integrable, which implies that the jic are compound Poisson distributed, as 
it would have followed similarly from [ini Thm. 6.1]. Hence /Xc = C{ac + where 

N ~ Poisson(Ac) and where the random variables Yf are i.i.d. with densities X~^gc{t), t > 0, 

with A-^ := gc{t)dt. 

Therefore /Xc has the density 

E - oj) 

1 

n=l 

and an atom of mass in Oc. This yields that a = 0 is necessary for /x to be in the range, 
because otherwise Gi has negative jumps. 

Now for a = 0 the term g,g-x({0,t))iy^{dx) is differentiable and the function Gi(t), t > 0, 
as above, is non-decreasing if and only if for all f > 0 

— — = 7om(f) - / exp(-Ae-G ^ -j- iy^{dx) > 0. 

JR- 


= e 


-A, 


00 


n=l 


{9c{t - ac)y 


t > ttr 


n\ 
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For example, assume that p is a Gamma(/c, 6) distribution. Then it has zero drift and its Levy 
density is given by (cf. [221 Ex. 8.10]) such that it fulhlls the above assumptions. 

Further we deduce m(t) = k9e~^^, 

gcit) = k ■ -, and Ac = fclogc. 

t 

Thus 


dGiit) f 


dt 


Jm- ri. 

< 7o/c6*e“®* — f e^^gf,-x[t)v^{dx) 
Jr. 

e^hi-e") _ 1 


= ke-^^ (7o0- I e 


kx 


u^{dx) , 


which becomes negative for large t, since z/^ ^ 0. Therefore in this case we have shown 
Gamma(fc, 0) ^ R^. 

Even in the case that ^ has no jumps but a gaussian part, many GGGs can not be in the 
range as shown in the following. 

Proposition 6.2. Let = aBt + at, a,a > 0, and let fi & L have the Laplace exponent 
flO.Op with fc(0+) < oo and k{t) ^ 0. Then p, ^ . 


Proof. Let /i G T with fc(0+) < oo be given and dehne the subordinator X via fl3.4p or fl3.5p . 
Then from Proposition 13.51 we know that C{X) G BO with hnite Stieltjes measure and as 
such it has a Laplace exponent of the form 


'4>x{u) = bu+ / (1 — e )m{t)dt 

Jo 

where m{t) is GM and integrable. From [21 Thm. 7] we know that if /i G R^, then necessarily 
6 = 0. Further from il Remark 7(ii)] it follows that if p G R^, then 

a‘^\ (T^ (T^ 

a + cr^ / m{t)dt + — m{t) + —tm\t) ——{rn * m){t) >0, Vt > 0. 


Since m{t) is GM, it holds 

m{t) = f e~^*dp{\) 

J [0,oo) 

for some measure p with p({0}) = hmj_,.oo m(f) = 0. Hence 


m'if) = — \e ^*dp{\), / m(t)dt = A mp(A) < oo, 

J (0,oo) J (0,oo) J (0,oo) 
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and 


[m*m)[t)= / m[t — s)m[s)ds = / / —---— 

Jo J {0,co) J{0,co) ^ C 


dp{C)dp{\). 


So for p G Rt it is necessary that 


.2 / f .-Ai ■ 


a + a A dp{X) + — 

J (0,oo) ^ 


e ^^dp{X) — '—t I Xe ^^dp{X) 


' (0,oo) 


a 

T 


'(0,oo) J (OjOo) 


- (0,oo) 

g-Ct _ g-At 

A-C 


dp{()dp{X) >0, Vt > 0 


or eqnivalently 

1 f 


t 


(0,co) 


a + a"^ [ u ^dp{u) + '^—\e ^^dp{X) — [ ^Ae ^^dp{X) 


(0,oo) 


( 6 . 1 ) 


> 


' (0,oo) J (0,co) 


J (0,oo) 

(j2 g-Ct _ g-At 

y A-C 


dp{()dp{X), Vt > 0. 


The term on the RHS of fl6.ip is non-negative, for the left hand side we observe that by 
dominated convergence 


lim / I + + ^ I 

t^oo /(0,oo) ' t 2 


(0,oo) 




t—>-oo 


t 


< 0 


in contradiction to flb.ip . This proves the proposition. 


□ 


7 Proof of Proposition 13.7 


For the proof of Proposition 13.71 we need the following two simple lemmata. 
Lemma 7.1. Let X > 0 be eonstant, then 


1 _ g-Ax 

f[x) = ---, a: > 0, 


X 


is completely monotone. 


Proof. Obvionsly / is inhnitely often continnonsly differentiable and it holds /(x) > 0, x > 0. 
Further it can be shown by an elementary induction, that the n-th derivative of / is given 
by 


/W(a;) = I 


fc =0 


k\ 


(7.1) 
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It follows from the series representation of the exponential function, that the term in the 
brackets in fl7.ip is positive. Hence (—> 0, a: > 0, for all n as we had to show. □ 

Lemma 7.2. Let k{x), x > 0, 6e completely monotone and let c> 1 be some constant. Then 

_ k{x) - k{cx) 

J\^) ~ 

X 

is completely monotone. 


Proof. Assume hrst that k{x) = e for some A > 0. Then 


fix) 


g—Aa; g—Atcc 

X 



g-Aa:(c-l) 


X 


is CM since and are CM by Lemma [7.11 and since products of CM 

functions are again CM (cf. [251 Cor. 1.6]). 

Now let k be an arbitrary CM function, i.e. 


k{x) = [ e-^^p{dX). 

J [0,oo) 


Then 


fix) = 


k{x) — k{cx) 


g—Ax g—Acx 


X 


h0,oo) 


X 


p{d\) = 


g—Ax g—Acx 


h0,oo) 


X 


p{d\) 


is an integral mixture of CM functions and hence CM. 
Now we can state the proof of Proposition 13.71 


□ 


Proof of Proposition\3.1\ Assume p G T, then its Laplace exponent is given by 


'ip^{u) = au+ f (1 — e m > 0, 

Jo ^ 

for some a > 0 and a CM function k. Hence the Laplace exponent of its c-factor p^i c G (0,1), 
is by fl3.2p 


fj^.iu) = fj^.iu) - fj^icu) = a(l -c)u+ [ (1 - e dt 

Jo ^ 

and Pc is in Bondesson’s class if and only if 

^ kjt) - k{c-H) 
t 

is CM. This holds by Lemma 17^ 

Analogous calculations show that also Pc, c> 1, is in Bondesson’s class. 
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For the converse assume /i G L+ with /ic G BO for all c G (0,1), i.e. —%Ij^{cu) 

is a CBF for all c G (0,1). This implies that 


'ipxi.u) 




Mlim 


C^l 


- (1 - C)u) 
u{l — c) 


lim ~ ~ ~ 

c^l (1 — c) 


is the limit of CBFs and hence a CBF ([25l Cor. 7.6]). Similarly, if pc G BO for all c > 1 one 
obtains ilJxiu) as limit of CBFs for c \ 1. 

Now let (Xt)t>o be the subordinator with Laplace exponent then by [HI Thm. 4 (ii)] 
(setting cr = 0) this is equivalent to /i = $g(£(Xi)) for = t. Hence by Proposition 13.51 fi is 
in T. □ 
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